The fatigue-life of a polycrystalline superalloy under symmetrical cyclic strain controlled loading at a temperature of 650°C is investigated by numerical simulations on the micro-level, focusing on the inhomogeneous evolution of plastic deformation in a polycrystalline aggregate. A methodology (Zhang et al., 2011 (Zhang et al., , 2013 to predict the low-cycle fatigue life by micro-level simulations along with statistical analysis is applied following the steps: (1) A statistically representative volume element (RVE) consisting of a number of crystal grains is constructed by Voronoi tessellation. Stresses and plastic strains are calculated by a crystal plasticity model including nonlinear kinematic hardening. (2) The RVE is subjected to repeated symmetric tensile-compressive loading. (3) The inhomogeneous stress and strain fields are statistically analyzed during the load cycles. (4) Failure by LCF is strain controlled and occurs if either of the quantities, standard deviation of longitudinal strain in tensile direction, maximum or statistical average of first principal strains in the RVE at the tension peak of cyclic loading reaches a respective critical value. (5) Using the present methodology, a family of failure curves for fatigue lives under different strain amplitudes can be predicted by varying the critical values. Finally, appropriate critical values can be identified by a respective cyclic experiment with only one strain amplitude.
Introduction
The investigations on metal low-cycle fatigue are usually related to metallurgical and mechanical aspects. Namely, the investigations often involve the micro-structure of the metal and its evolution, the response of stress and strain to different loading and the number of load cycles required to cause failure. Therefore, for low-cycle fatigue analysis, the descriptions on the mechanical behavior related to the microstructure of a metallic material under repeated loading are very important.
The metal fatigue mechanisms and mechanical behavior can be described at different scales and from different viewpoints, depending on which processes at which structural levels researchers choose to focus upon (cf. Manson, 1953; Coffin, 1954; Chaboche, 2008; Shenoy et al., 2008; McDowell and Dunne, 2010; Sangid et al., 2011; Zhang et al., 2013; Keshavarz and Ghosh, 2013; Huang et al., 2014; Sweeney et al., 2013; Sweeney et al., 2014a) . Since the processes of fatigue failure in materials usually occur in a very small volume, a microstructural analysis is essential for experimental and computational investigations. Modern technological advances have made this possible, so that we can extend fatigue studies to very small scales or cross scale in order to clarify the role of material microstructure.
Polycrystalline metallic materials consist of a large number of crystal grains. At the grain level, its mechanical behavior is very inhomogeneous, since the grains are randomly orientated and the material properties of an individual grain are anisotropic with respect to elastic and plastic deformations due to its crystal lattice-array. To investigate the evolution of inhomogeneous deformation fields in a metallic material during low cycle fatigue, it is necessary to explore the micro-level plastic deformation and its accumulation, and the law of fatigue life with respect to the cyclic loading conditions. To achieve this objective, it is essential to select a reasonable scale for the analysis, a suitable constitutive model to reflect the cyclic plastic deformation mechanism at a relevant size level, and the corresponding fatigue model for service life analysis.
If the analysis is carried out at scales from 10 À3 to mm by using a material representative volume element, representing the sizes from a crystal grain to a material test specimen, the results can be verified both qualitatively and quantitatively by using the conventional fatigue test machine and observation instrument (Zhang et al., 2013) . For a polycrystalline metal, an appropriate representative element model should be able to describe the material's mechanical behavior at both the macroscale and the microscale. Such a material element contains a considerable number of grains, so that it can statistically reflect the typical material microstructural characteristics and the mechanical responses under realistic experimental conditions. On the other hand, it is adequately small to still represent a ''material point'' at the macroscale. This representative volume element (RVE) can be constructed by using a Voronoi polyhedron aggregation (Barbe et al., 2001; Kanit et al., 2003; Zhang et al., 2005) . It should be emphasized that, different from classical RVE studies, the present RVE is used not only to reflect the homogenized properties but also to study the evolution of the inhomogeneous local deformation of a heterogeneous material (Ju and Chen, 1994; Ju and Tseng, 1996; Ju and Sun, 2001; Sun et al., 2003a,b; Zhang, 2004; Shenoy et al., 2008; Zhang et al., 2013) .
The deformation of a crystalline grain in polycrystalline material can be split into the anisotropic elastic lattice distortion and the anisotropic crystal plastic slip caused by a large number of local stress-driven dislocations moving along the close-packed plane of atoms. These deformation mechanisms involving lattice distortion and crystal slip were discussed and investigated through establishing a crystal slip theory by Hill and Rice (1972) , and Asaro and Rice (1977) . Later, different algorithms under various configurations at finite deformations were suggested (cf. Peirce et al., 1983; Needleman et al., 1985; Kalidindi et al., 1992; Maniatty et al., 1992; Sarma and Zacharia, 1999) , mainly to apply the crystal plasticity theory to numerical analysis of texture-forming. Further, improvements in computational schemes were made, in which the Cauchy stress was chosen as a basic variable and a mixed implicit and explicit algorithm matched to a user material subroutine of ABAQUS was established (Zhang, 2004; Zhang et al., 2005) . In recent years, a Voronoi polyhedron aggregation has increasingly been employed for the analysis of three-dimensional microscopic inhomogeneous stress and strain fields of polycrystalline materials. The activation and development of different slip systems of each grain in the RVE, driven by the local stress, can be computed by taking account of the random grain orientations.
In order to understand the deformation evolution process in a heterogeneous metal at the micro-level under the low-cycle fatigue loading, suitable computations need to be performed to describe the material microstructural features, the microscale deformation mechanism and the variance of strains and stresses in a metal during the low-cycle loading process. To take into account the Bauschinger effect in a single crystal, which is important for fatigue analysis due to cyclic loading condition, Cailletaud (1992) introduced the back-stress and nonlinear kinematic hardening into the slip description at the level of each slip system. Subsequently, Hutchinson's power law (Hutchinson, 1976) was generalized by introducing the back stress into a crystal plasticity model (Feng et al., 2004) , in which the Armstrong-Frederick type kinematic hardening rule (Armstrong and Frederick, 1966) was invoked to capture the Bauschinger effect. Moreover, for the purpose of accommodating the cyclic hardening feature of the slipping system, a modified evolution law for the back-stress with respect to the resolved shear stress on slip system was proposed by Zhang et al. (2011) , by which the inhomogeneous deformation of a copper under cyclic loading and the subsequent yield of an aluminum after cyclic loading are studied by Zhang et al. (2013) and Hu et al. (2015) , respectively.
The strains and stresses in a metallic material at the microscale are usually inhomogeneous due to the heterogeneity of the material's microstructure. At the microlevel, the inhomogeneity and heterogeneity for the microstructure and the deformation distribution will evolve with the loading cycles. As a result, a material changes gradually due to the evolution of residual deformations and stresses and the orientations and shapes of the grains. In order to characterize the evolution of material structure and behavior at various micro-scales, many investigations have been engaged (Abdeljaoued et al., 2009; Dunne et al., 2007; Guilhem et al., 2010; Taheri et al., 2011; Przybyla and McDowell, 2010; Dingreville et al., 2010; Sweeney et al., 2013; Sweeney et al., 2014b; Zhang et al., 2011) . In the process of a material deformation under cyclic loading, the evolutions of the material inhomogeneity may continue until the fatigue failure occurs, which can be described by statistical distribution with two characteristic parameters; i.e., the mean value and standard deviation (Zhang et al., 2013) .
A primary objective to investigate fatigue is to establish a rational methodology for fatigue life prediction. Here, the fatigue life means the cycle number to failure of a material specimen under cyclic loading with a macro uniform deformation. The Manson-Coffin equation (Manson, 1953; Coffin, 1954) or its modification was widely used by some researchers to predict fatigue life of materials (Ni and Mahadevan, 2004; Buciumeanu et al., 2011; Roy et al., 2012; Wu et al., 2014; Ince and Glinka, 2014) . But the premise for using this equation is that a series of fatigue experiments of the material needs to be carried out to obtain the respective fitting parameters in the equation. In order to seek for more rational damage models, different fatigue indicator parameters (FIPs) were suggested to assess fatigue failure (Ye and Wang, 2001; Jiang et al., 2009; Chaboche et al., 2012; Naderi et al., 2013) . The investigations by Manonukul and Dunne (2004) , Sweeney et al. (2013) and Guerchais et al. (2014) were conducted by analyzing crystal plasticity at the grain level considering the accumulation of plastic slip. In some investigations the length-scale effect and cross scale analysis for fatigue were taken into account (Sweeney et al., 2013; Sweeney et al., 2014a; Dunne, 2014) . Furthermore, a multi-scale energy based criterion was proposed, by which the energy for persistent slip band (PSB) was estimated at both continuum and atomistic scales (Sangid et al., 2011) .
Similar to the Manson-Coffin equation, these models need a series of fatigue experiments to optimally fit the corresponding parameters prior to its application. Zhang et al. (2013) suggested a methodology focusing on the evolution of deformation inhomogeneity of a metal at the grain level, in which the micro strain fluctuation of a material characterized by using the statistical standard deviation is employed to assess the material fatigue law. The key advantage is that the methodology has only one parameter to be determined for fatigue crack initiation by which the fatigue law can be characterized. In the present paper, this method will be verified through the analysis of fatigue life of a superalloy and further investigated with respect to the determination of a fatigue indicator parameter.
Objective and Methodology
The present paper aims at verifying and improving the methodology proposed by Zhang et al. (2013) . The fatigue life of a nickel-based superalloy, GH4169, under straincontrolled cyclic loading with varying amplitudes will be analyzed. The inhomogeneous evolution of plastic deformations in a polycrystalline aggregate is calculated by a crystal plasticity model including nonlinear kinematic hardening and analyzed. The polycrystalline aggregate is constructed by Voronoi tessellation and supposed to be statistically representative for the microstructure of the material.
Modeling the material as statistically representative volume element
The investigated material GH4169 is a precipitationstrengthened nickel-based superalloy with a grain size of about 10-30 lm, and its precipitation-strengthening phase particles are much smaller than the grain. Similar to other superalloys, it contains the phases c, c 0 , c 00 and MC carbides. Its matrix phase is face-centered cubic (fcc) (Li et al., 2013) . Its plastic deformation on the micro-scale can be described by slipping along the respective slip-systems of the lattice of individual grains.
From the macroscopic viewpoint, a material point or element is regarded as a small continuum particle with uniform mechanical properties. Any real material exhibits a heterogeneous microstructure, however, causing non-uniform local stress and strain fields. Therefore, stress and strain distributions are inhomogeneous at the microscale even if the material is strained under uniform loading at the macroscale. Variations in stress and strain occur not only in various grains but also within the same grain due to intergranular constraint. During cyclic fatigue loading these effects will accumulate and the stretch and shear deformations in a local region may reach a much higher value than the externally applied strain amplitude. The fatigue failure of the material depends on the strain and stress variances at the grain level. Fig. 1 shows a schematic of a small cube taken from a macroscopic specimen, which is regarded as a representative volume element (RVE) consisting of a number of grains. For simplification, it is assumed that the mechanical properties are the same for all grains and that no cracks or voids are present in the polycrystal. Due to their much smaller size, the precipitation-strengthening particles are ignored. Using this RVE, the inhomogeneous deformation process in a metallic material under external cyclic loading can be analyzed. The true grain structure of GH4169 is exhibited by a SEM image in Fig. 2 (Li et al., 2013) , and the histogram of the grain area ratio within the material is shown in Fig. 3 , in which the area ratio of grain area and the area average, a/a average , is taken from the SEM image.
As displayed in Fig. 4 , the present RVE consists of 30 Â 30 Â 30 = 27,000 eight-node hexahedral elements and 29,791 nodes. The surfaces are planes with normal vectors parallel to the coordinate axes. The RVE is divided into 100 polyhedral grains with random size, shape and orientation. This cubic FEM model is a representation of a real grain structure and can be regarded as the product of the isotropic growth process from a spatial distribution of grain nuclei (Zhu et al., 2014) . These grain nuclei are randomly generated one by one, and the subsequent ones are accepted only if they are located no nearer than an allowed distance from all others, thus the distance between two neighbor grains will not too close. The histogram of grain area ratio from one surface at x 1 = 0 is exhibited in Fig. 5(a) . In order to reflect the distribution of area ratios from different sections cut from the RVE, we take 30 sections from the RVE divided along the x 1 direction. The respective histogram of grain area ratios is shown in Fig. 5(b) , which is similar to Fig. 3 from the SEM metallographic image. The volume statistics reflects the grain structure different from the area statistics as shown in Fig. 5(c) .
Each grain in the RVE has its individual orientation described by a unit vector which is generated by three randomly chosen values in the range from À1 to 1. The distribution of the orientations of all grains makes the RVE representing an approximately isotropic solid, which can be concluded from the {1 0 0} and {1 1 1} pole figures displayed in Fig. 6 . The grains represent single crystals whose anisotropic constitutive behavior is described by crystal plasticity. The macroscopic mechanical behavior of the homogenized polycrystalline material as well as the inhomogeneity of the deformation resulting from the microscale anisotropy and random microstructures can be numerically evaluated and the latter statistically described. The local stresses and strains for a material point in a grain are defined by the Cauchy stress tensor, r, and the logarithmic strain tensor, e, respectively. The homogenized overall (''macroscopic'') Cauchy stresses and logarithmic strains are denoted by R and E.
Compatibility conditions for the macroscopic continuum require appropriate displacement constraints at the surfaces of the RVE. This can be realized by periodic boundary conditions or just by keeping all surfaces plane. Though the latter induces a higher constraint, it has been assumed in the present analyses as it is easier to establish. Finally, it turned out that there are no big differences in the results, anyway, see Fig. 28 below. The RVE is subjected to macroscopic uniform cyclic deformation as in the smooth tensile specimen by prescribing a macroscopic longitudinal displacement, U l ¼ U, at the upper surface whereas the lower surface is fixed. The lateral surfaces of the RVE are stress free, i.e. R ij = 0, i -j, and P ii = 0 (the underlined subscripts indicate that no summation is executed), i -l and l = 3.
Constitutive equations of crystal plasticity with nonlinear kinematic hardening
The formulation of the constitution equations of crystal plasticity follows those by Hill and Rice (1972) , Asaro and Rice (1977) , Peirce et al. (1983) , Needleman et al. (1985) . Euler's velocity gradient tensor L is decomposed into an elastic part, L ⁄ , and a plastic part, L p , 
ðaÞ is the resolved shear strain rate for the a -slip system, and n is the number of slip systems. For a material point in a crystal grain, the Euler's velocity gradient tensor L can be decomposed into the symmetric part (the stretching tensor), D = sym(L), and the anti-symmetric part (the spin tensor), W = asym(L). Further, we write
where D ⁄ and D p are, respectively, the elastic stretching tensor and the plastic stretching tensor; W p is the plastic spin tensor arising from slipping, and W ⁄ is the spin tensor arising from rigid body rotation and elastic distortion. Hutchinson (1976) suggested an equation for the resolved shear strain rate, which describes the slip-system hardening without taking reversed loading into account. Considering the Bauschinger effect, Cailletaud (1992) introduced the back-stress and nonlinear kinematic hardening at the level of each slip system. In the present paper, we adopt the equation suggested by 
where s (a) and x (a) are the resolved shear stress and backstress on the a -slip system, respectively; _ c 0 denotes the reference shear rate, taken as a constant for all the slip systems; k denotes the rate sensitivity parameter. Furthermore, g (a) defines the scalar function describing the dimension of the elasticity domain for a -slip system; its evolution is as follows (Pan and Rice, 1983) :
where h ab (c) are the slip-plane hardening moduli. Further, Hutchinson (1970) proposed that
where q is a constant, and Chang and Asaro (1981) suggested that
where h 0 is the initial hardening rate, s 0 is the critical resolved shear stress, and s s is the saturation value.
These parameters are regarded as material constants. The evolution of back-stresses, x
, is introduced as (Zhang et al., 2011) :
where a, c, e 1 , e 2 and p are material constants. This formulation includes a strain hardening term, a dynamic recovery term, and a static recovery term. The identification of material constants in Eqs. (3), (5)- (7) is based on cyclic tests combined with numerical simulations. Assuming that the elastic deformation is small, the constitutive relation can be expressed as:
where _ r J is the Jaumann rate of Cauchy stress, C
<4>
is the fourth-order tensor of the tangent elasticity with respect to the global coordinate axes. During the calculation, the global coordinate system is fixed, while the crystal coordinate axes for every individual grain are rotated along with the changing configuration which is determined according to the lattice rotation.
Therefore, the incremental change of the Cauchy stress tensor can be calculated as follows: 
Parameter identification and validation of the constitutive model
The chemical composition of the alloy GH4169 is shown in Table 1 and the stable cyclic stress-strain curve for GH4169 at a temperature of 650°C is exhibited in Fig. 7 (cf. Wu et al., 2008) . Because no creep deformation has been observed for this material, creep is ignored in our analysis.
The cyclic stress-strain curve in Fig. 7 is determined by the loci of the stabilized hysteresis loop peaks at various strain amplitudes obtained from the cyclic experiments, which can be represented by a fitting equation
, with E = 150500 MPa, K 0 = 1412 MPa, Wu et al., 2008) . Furthermore, the stable hysteresis loops are fitted by the approximation
. The material has Masing behavior (Masing, 1926) , since there is a stable hysteresis loop. The experimental hysteresis loops can be used as target solutions to conduct the parameter identification. The model for describing the elastic and plastic behavior of a single crystal contains 14 parameters. In addition to the three elastic constants C 11 , C 12 and C 44 , eleven parameters remain for plasticity based on slipping of fcc slip-system, which are s 0 , s s , h 0 , a, c, p, e 1 , e 2 , _ c 0 , q and k. They have certain physical meanings: s 0 and s s are the critical resolved shear stress and the saturation value, respectively, which are related to the initial yield strength or the elastic range between the points of unloading and re-yielding in the stress-strain hysteresis loop; a, c and p describe strain hardening in a loop; e 1 and e 2 are used to describe cyclic hardening after some ten cycles, if existent; _ c 0 is a reference strain rate, and k quantifies the rate sensitivity of the material; q is a parameter to consider the interaction between slip-systems. Therefore, parameter identification can be conducted sequentially, referring to separate characteristics of experimental stress-strain loops.
Parameter identification requires an experimental reference solution, a criterion for quantifying the difference between the numerical results and the test data, and an algorithm for parameter variation. The coincidence between numerical and test results can be rated optically or quantified by some ''objective'' or target function which depends on the user's definition. The outcome will obviously be affected by this choice, and depending on details of the target function like number of points, optical coincidence may even result in higher accuracy. Numerous algorithms exist for varying the parameters, trial and error, Monte Carlo, mathematical optimization, evolution strategies, neural networks, having their individual advantages and limitations (Brocks and Steglich, 2007) , which cannot be discussed in detail, here. A ''trial-and-error'' procedure is generally time consuming but its results with respect to parameter identification are not as ''improper'' as the term might indicate. Systematic variations of parameters require a phenomenological interpretation and an understanding of the respective effects on the mechanical response of the structure. This calls for expert knowledge, and the outcome is all the more successful and the time spent so much less the more experienced the user is.
Considering optical congruence of numerical and experimental results and the physical background of individual parameters, the constitutive parameters are determined by trial-and-error according to the following procedure. In the first step, the parameters s 0 , p, e 1 , e 2 , _ c 0 , q and k can be set without calculation: p = 0, since creep during cyclic loading is ignored; e 1 = e 2 = 0, as cyclic hardening is not necessary to be considered for the stable cyclic process; q = 1, because the hardening from slipping is considered the same for all slip-system; _ c 0 ¼ 0:01 which is proper for the considered low loading rate; k = 150, since the rate sensitivity of the material is very small. In the second step, s 0 , s s , h 0 which depend on the elastic range of the experimental hysteresis loops are determined by simulation. In this step, the parameters a and c are given a rough initial value, for example several GPa for a and one tenth for c, since s 0 , s s , h 0 characterize isotropic hardening and are not sensitive to a and c, which are related to the evolution of the backstress in kinematic hardening. In the third step, the parameters a and c are identified by calculations of cyclic loading to simulate the experimental hysteresis loop. The parameters a and c have specific meanings in the hysteresis loop: a governs the initial hardening ratio for slipping and c is related to softening.
The identification of model parameters for crystal plasticity is performed by calibration using the experimental data of hysteresis loops from cyclic tests, which are fitted by the approximation
(see previous page denoting the parameters). All the model parameters of crystal plasticity as determined by this procedure are listed in Table 2 .
In order to verify the parameter identification, referring to the work by Sweeney et al. (2014b) , an error function is defined,
where k is a number denoting the ten different strain amplitudes 0.0045, 0.005, 0.006, 0.007, 0.008, 0.009, 0.010, 0.011, 0.012 and 0.013, respectively; n is the number of points of the stable hysteresis loop; R expðkÞ i and R simðkÞ i are the stresses, respectively, measured in experiment and calculated in simulation for kth strain amplitude and ith point. The errors of the model for different strain amplitudes are listed in Table 3 , in which the maximum of F k is less than 1.75 MPa, which is regarded as acceptable. Fig. 8 shows the comparison of the experimental cyclic stress strain curve with hysteresis loops calculated for strain amplitudes 0.005, 0.009 and 0.012. All hysteresis loops simulated by applying the RVE are shown in Fig. 9 . Fig. 7 . The experimental stable cyclic stress-strain curve for GH4169 at temperature 650°C (cf. Wu et al., 2008) . Table 2 Crystal elastic constants and plasticity parameters of the GH4169 superalloy.
Elastic constants
Material parameters of the crystal viscoplastic model (under 650°C) 
Validation of the RVE
A further validation of the RVE is given in the following with respect to the aspects (i) whether it reflects the behavior of a polycrystal, and (ii) whether the model consists of enough grains and finite elements. As the individual grain is anisotropic enough grains are required, so that the RVE can simulate the homogenized behavior macroscopically. The number of elements is significant for the model in order to obtain a numerically convergent solution. Fig. 10 (a) shows 4 models with the same number of 27,000 elements but containing 27, 64, 216 and 512 grains. Fig. 10(b) shows the respective hysteresis loops at a strain amplitude of 0.8%. The differences in macro hysteresis loop are marginal, and the curves are nearly the same for the models containing 64, 100, 216 and 512 grains. Fig. 11 (a) displays 2 models containing the same number of 100 grains but consisting of 8,000 and 64,000 elements, and Fig. 11(b) shows the comparison of the respective hysteresis loops, at a strain amplitude of 0.8%. The difference in macroscopic hysteresis loop is very small. The FE discretization affects the shape of the grain boundaries: the fewer elements the coarser are the grain boundaries, which may have an impact on additional inhomogeneities of the strain fields. The calculations using the above FE models of Fig. 11(a) can reflect the respective influence on inhomogeneous strain fields. The standard deviations of strains in loading direction with number of cycles for the three models are shown in Fig. 11(c) , from which one can find that the difference not considerable. Here, we need point out that the abscissa is log scaled which is convenient to display a range of several orders of magnitude of load cycles.
The following analysis is used to discuss the influence of mesh refinement on the macro response and strain inhomogeneities at grain level. Two bicrystal models with coarse and smooth grain boundary, respectively, are introduced, see Fig. 12(a) . Two conditions for orientations are considered: (i) Fig. 12(b) , and the standard deviations of strains in loading direction with number of cycles are exhibited in Fig. 12(c) . The differences between the models with coarse or smooth boundary are actually so small that they can be ignored.
Hence, according to the analyses above, it can be concluded that the model containing 100 grains and 27,000 elements represents a valid RVE to investigate the inhomogeneous strain under cyclic loading.
Statistical analysis of the RVE
In order to discuss the relationship of inhomogeneous strain and fatigue life for a polycrystal, a methodology was proposed by Zhang et al. (2013) . In this methodology, the inhomogeneous micro stresses and strains of a Voronoi polycrystalline aggregation under cyclic loading are described by statistical parameters. The stresses and strains in the RVE at the grain level during the deformation processes with various macroscopic strain amplitudes are tracked and their mean values and corresponding standard deviations are calculated:
where n RVE is the total number of finite elements in the RVE; r ij and e ij are the components of the local Cauchy stress tensor and the logarithmic strain tensor, respectively; the subscript k denotes the kth element; p k = DV k /V, with DV k denoting the volume of kth element and V the total volume of the RVE.
The higher the standard deviation is, the larger is the data scatter within the RVE.
A criterion for the fatigue failure of a polycrystalline material
A classical methodology to assess fatigue life of a material undergoing cyclic loading with specified strain amplitude usually adopts some function:
where De is the strain amplitude and N f the number of loading cycles to fatigue failure, and C denotes the fatigue strength of the material. Provided that the two or more parameters have been determined by fatigue experiments on a number of specimens, this equation can be applied to assess the fatigue life of components. The classical models of fatigue life prediction are phenomenological, completely established on the basis of macro experiments, and usually have two or more parameters to be determined by fatigue tests. Since fatigue of metals involves very complicated processes and factors whereas the fatigue experiments to calibrate the model parameters are performed under very simple loading conditions, only, it is fairly difficult for a phenomenological macro model to predict the fatigue life of a material under actual loading conditions. In order to establish a more physical model, it is necessary to consider both the deformation mechanisms at the micro-scale and the corresponding macroscopic responses. Numerical simulations under symmetrical strain controlled cyclic loading of the above RVE indicate that the standard deviations of the longitudinal strains at the tensile peak increases with increasing number of cycles (Zhang et al., 2013) . These results give reason to the assumption that a limit value of the strain standard deviation can be regarded as a material constant,ê fatigue , for lowcycle fatigue failurê
This criterion implies the following. (a) The strain components along the loading direction grow although the macro strain amplitude is kept unchanged, and their scatter increases due to the evolution of inhomogeneity of the material. (b) The standard deviation of the microscopic strains will reach a high values but has a limit, and fatigue failure will occur as this limiting value is reached. (c) This limit is approximately a material constant under cyclic loading with various macro strain amplitudes.
Only one parameter is needed for the above method to assess fatigue failure. If we define a series of values for the limit value,ê fatigue , in a parameter study, a corresponding family of fatigue life curves can be calculated in dependence on the global strain amplitude, and the actual limit value can be determined by comparison with fatigue test results.
Low-cycle fatigue simulations

Simulation of tensile-compressive cyclic loading at various strain amplitudes
Numerical calculations tracking the cycles for the RVE with ten strain amplitude levels 1 2 DE t (0.45%, 0.5%, 0.6%, 0.7%, 0.8%, 0.9%, 1.0%, 1.1%, 1.2% and 1.3%) are performed step by step, respectively; each step consists of 1000 cycles including 200,000 increments (i.e., each cycle consists of 200 increments). The aim of the calculation is to observe the variance of the strains in the RVE from which the local strain reaching higher levels than the average can be evaluated (see Eq. (11)), whereas the average value is controlled by the macro loading.
The calculation for the entire cyclic process requires a large number of steps. The computational effort is considerable. In particular, for the case with small strain amplitude, the number of increments can reach a very high value. For example, when 1 2 DE t = 0.45%, the total number of increments is more than 1,600,000. To complete the demanding calculations the ''restart write'' function of the ABAQUS software is employed to prepare alternate restart files at intervals of every 6000 increments.
There are some clear advantages to adopt the crystal viscoplasticity model associated with a RVE to simulate the material low-cycle process. Not only the apparent responses of the metallic material under cyclic loading can be simulated, but also the distribution of the inhomogeneous internal stresses and strains can be computed, including the two statistical parameters of average and standard deviation (root mean square deviation) and their evolution with cycles. Therefore, we can compute the mesoscopic hysteresis loops R $ E (or R ll $ E ll , as above, with the direction of the l-axis set as the macro uniaxial loading direction, where the underline under the second subscript l means that no summation for the tensor component is executed) for various strain amplitudes, 1 2 DE t , of 0.45%, 0.5%, 0.6%, 0.7%, 0.8%, 0.9%, 1.0%, 1.1%, 1.2% and 1.3%, in the stabilized state. These numerical simulations track the tested cyclic responses of macro stress-strain curves just like performing the tests. However, different from common calculations, they provide the evolution of the stresses, strains and the microstructure.
Evolution of inhomogeneous stress and strain fields
Although a uniform cyclic strain is applied to the RVE at the macro-scale, all grains are strained non-uniformly at the microscale due to the heterogeneous microstructure, the anisotropic mechanical behavior of grain, and the strong intergranular constraint. Fig. 13 shows the distributions of longitudinal stress and strain components in the RVE by contours, corresponding to the cyclic strain amplitude of 0.005 as well as the tension peaks of the 3rd cycle and the 3000th cycle. From the figure and the data in the legend box, it is observed that the variances of longitudinal stress and strain between the 3rd cycle and the 3000th cycle are very large, particularly for the longitudinal strain. This result can also be represented by histograms as in Fig. 14, where the distributions of longitudinal stress and strain components r ll and e ll are clearly displayed. It reveals that the strain range has ten-times increased between the 3rd and the 3000th cycle. Moreover, the distributions of the longitudinal stress r ll and strain e ll follow the Gaussian-like law. Therefore, they can be described by their mean values r ll and e ll , and their standard deviationŝ r ll andê ll . The mean values reflect the responses of the material at the macroscale of the RVE, and the standard deviations depict the degree of fluctuation of stresses or strains within the material at grain-level. Since the distribution variance for the longitudinal stress in the same process is much smaller than that for strain, the longitudinal strain standard deviation is taken as a variable to assess the fatigue life (see Eq. (13)). Accordingly, the statistical analyses are carried out for the simulations under different cyclic strain amplitudes as aforementioned. Similar conclusions can be drawn as above; i.e., all the local strain ranges in the RVE have ten-fold increased between the initial cycle to the cycle near fatigue end, and all distributions for the longitudinal stress and strain components, r ll and e ll , are Gaussian-like. Due to page limitations, respective results other than Figs. 13 and 14 are omitted here.
The external cyclic loading will give rise to the inhomogeneous evolution of the material microstructure due to repeated non-uniform plastic slip and the variance of stresses and strains in the material volume will increase. Whereas it is very difficult to experimentally measure this micro-processes in a material, the micro stresses and Fig. 13 . The iso-contours of longitudinal stress and strain components for a strain amplitude of 0.005 at the tension peaks of the 3rd cycle and the 3000th cycle. Fig. 14 . The statistical distributions of the longitudinal stress and strain components, r ll and e ll , for the RVE at the tension peaks of the 3rd and 3000th cycle.
strains and plastic slipping mechanism in crystal grains can be obtained from the simulations.
To discuss the role of the inhomogeneous deformation in fatigue, we first take the results of the simulation to obtain the statistical characterization and evolution of the longitudinal strain (cf. Zhang et al., 2011; Zhang et al., 2013) , and then perform the analysis of the fatigue life for GH4169 by using the criterion of Eq. (13). Fig. 15 displays the evolution and variation of the standard deviationê ll ; for the micro longitudinal strain in the RVE under different strain amplitudes at the tension peak with cycle number. It shows thatê ll at the tension peak monotonically increases with the cycle number and indicates that the accumulation of the plastic deformation in the RVE becomes increasingly inhomogeneous. This is consistent with results presented in the literature (Zhang et al., 2013) , in which the target material is a copper. Here, we need point out that, (1) the abscissa in Fig. 15 is log scaled for a clear representation of the curves according to common practice; (2) the curves would appear approximately linear after a certain number of cycles if displayed on a linearly scaled axis.
Low-cycle fatigue life prediction based on strain inhomogeneity and its verification
The lives of most materials tested under uniaxial cyclic loading are found to be dominated by crack initiation, which can be called initiation controlled fatigue. This is adopted here, too.
Local failure will occur in the material once the micro tensile strain reaches certain limits which the material cannot bear. According to Eq. (13), fatigue failure takes place when the standard deviation of the strains e ll reaches a critical value.
It is necessary to point out that Eq. (13) as a criterion to judge fatigue rupture is only an assumption. We need to provide more evidence to confirm it. Generally, there are many factors influencing the fatigue failure of a material. Nevertheless, for the most-studied uniaxial strain controlled symmetric tension-compression fatigue, the loading condition is fairly simple and we can assume that the critical value of strain standard deviation is a constant, regardless of the applied strain amplitude. Other factors such as loading path and stress triaxialities are ignored temporarily.
Let us set a series of limiting values of the statistical standard deviationê ll , denoted asê llf 0 as displayed by horizontal lines in Fig. 15 , where, the number of limiting lines is 11 and the specified data forê llf 0 range from 0.0126 to 0.0186 with increment 0.0006. These lines intersect with the curves of strain standard-deviation vs. cycle number, and the number of cycles for fatigue failure can be identified according to the assumed limit value of strain standard deviation. The respective data are listed in Table 4 .
Subsequently, a family of curves for fatigue life can be plotted according to Table 4 as in Fig. 16 . For comparison, the experimental fatigue life data of GH4169 at a temperature of 650°C for strain amplitudes, 1 2 DE t , of 0.45%, 0.6%, 0.8%, 0.9, 1.0% and 1.3%, which are obtained from the literature (Wu et al., 2008, page 511) , are also included. We find that the fatigue life curve can be described by the function, f ðDE t ; N f Þ ¼ê llf 0 , which resembles Eq. (12). However, the present result is obtained by simulations and based on Eq. (13) under the conditions that the Fig. 15 . The evolution and variation of the standard deviation (SD)ê ll , of the micro longitudinal strain under different strain amplitudes at the tension peak with number of cycles. The horizontal lines indicate various limit value of the statistical standard deviation. hysteresis loops and the grain structures of the material are known, without referring the material fatigue tests.
Comparing the calculated results with experimental data indicate that the predicted fatigue life curves are reasonable. The predicted curves render the estimated fatigue life by various limit values of the standard deviation of longitudinal strain, in which the maximum, median and minimum for the limits are 0.0186, 0.0156 and 0.0126, respectively. Taking these three curves, the comparisons of the experimental fatigue lives with the predictions made by the present calculations can be exhibited in Fig. 17 . In this figure, the abscissa denotes the experimental fatigue life, and the ordinate the predicted fatigue life. The thick solid diagonal line indicates a perfect prediction, and the two dotted lines represent the factor-of-two boundaries. Obviously, the predictions of the models by maximum, middle and minimum limit values of the local longitudinal strain standard deviation are within the factor-of-two lines.
Further discussions on the fatigue criterion
For crack initiation controlled fatigue, different criteria were proposed by different consideration to fatigue mechanisms. Manonukul and Dunne (2004) proposed a fatigue crack initiation criterion based on a critical accumulated slip, and the accumulated slip can be estimated by the effective plastic strain, p. They found that the lives of the polycrystals for LCF and HCF can be described well by using crystal plasticity combined with this criterion. Guerchais et al., 2014 suggested the micro stress threshold might be better as a fatigue criterion for HCF. Sweeney et al., 2013 found that the effective plastic strain per cycle Table 4 compared to experimental fatigue life data of GH4169 for strain amplitudes of 0.45%, 0.6%, 0.8%, 0.9, 1.0% and 1.3% at a temperature of 650°C. The specified data forê llf 0 is from 0.0126 to 0.0186 with increment 0.0006 (Wu et al., 2008, page 511) . DEt: 0.45%, 0.6%, 0.8%, 0.9, 1.0% and 1.3%. Fig. 18 . The variance of the deflection of first principal direction with macro uniaxial loading direction calculated at the tension peaks of the 3rd cycle and the 3000th cycle under the condition with strain amplitude 0.005. is a better indicator of fatigue crack nucleation than peak effective plastic strain by considering of the later changing in location. Sangid et al., 2011 proposed that the energy of the PSB can be calculated at both continuum and atomistic scale, and the stability of this energy with respect to dislocation motion can be taken as the failure criterion for fatigue crack initiation. By this approach, more aspects of material microstructures and their roles to fatigue failure can be considered.
In our approach, the standard deviation of strain in loading direction is found to increase with load cycles. Assuming that this parameter reaches a limit value when fatigue occurs and is constant for different strain amplitude can tield predictions which have good consistency with test results, see Figs. 16 and 17.
The investigations can be further extended on the average and maximum of principal strain, which both also increase with cycling. More details and numerical results are given below. Here, it is necessary to point out that particularly for multi-axial loading the maximum principal strain would be appropriate. Because it is independent on the choice of global coordinates.
For a homogeneous isotropic material under uniaxial loading, the strains in the material are uniform and are the same as the corresponding principal strains, on the conditions that the directions of coordinate axes for defining the strains are chosen as the same as the principal directions. But for an inhomogeneous material such as the polycrystal presented in this paper, the conclusion above is incorrect because the inhomogeneity gives rise to the deflection of principal directions. According to the definition e 1 P e 2 P e 3 ; at the tension peak for the RVE with the cycling, we have e 1 P e ii ; e 3 6 e ii i ¼ 1; 2; 3 ð14Þ
where e 1 , e 2 and e 3 are the first, second and third principal strains, respectively; e ii is the normal strains. Accordingly, comparing the mean normal strain along the macro loading direction l, mean first principal strain and the Fig. 19 . The iso-contours of first principal strain for a strain amplitude of 0.005 at the tension peaks of the 3rd and the 3000th cycle.
maximum first principal strain for the RVE of polycrystalline aggregation, we obtain the following inequalities
or simply e 1 max P e 1 P e ll ð15 0 Þ e 1 P e ll is caused by the inhomogeneity of the material giving rise to the deflection of principal direction. Further, it can be presumed that the evolution of inhomogeneous deformation will affect the parameters e 1 and e 1max , since the principal strain may increase with the deflection of principal direction.
To verify this presumption, the deflection angle between the first principal strain and the longitudinal loading direction is calculated, which characterizes the rotation of the first principal strain. The results reflecting variance of the deflection of the first principal strain are given in Fig. 18 , which displays the distributions of the first principal direction calculated at the tension peaks of the 3rd and the 3000th cycle at a strain amplitude of 0.005. One can see that the deflection of the first principal direction increases remarkably in the course of the cyclic process. Correspondingly, Figs. 19 and 20 show the distribution of the first principal strain as iso-contours and histograms, respectively, at the tension peaks of the 3rd and the 3000th cycle for the same strain amplitude. From these figures, we similarly observe that both the statistical average and the standard deviation of the first principal strain increase considerably from the 3rd to the 3000th cycle. The result that the average of the first principal strain grows with cycle number fits with Eq. (15 DE t , at the tension peak with cycling. The two figures signify that both parameters e 1 and e 1max at the tension peak increase monotonically with the cycle number, similarly toê ll (cf. Fig. 15 ). The curves in Fig. 22 are less in smooth, however, than those shown in Figs. 15 and 21 which might result from the changes of element location for e 1max . As for the local longitudinal strains, we set a series of limit values of the mean first principal strain e 1 , denoted as e 1f 0 , and a series of limit values of the maximum first principal strain e 1max , denoted K.-S. Zhang et al. / Mechanics of Materials 85 (2015) 16-37 as e 1maxf 0 which is displayed by horizontal lines in Figs. 21 and 22. For both figures, the number of lines is 9, the specified data for e 1f 0 range from 0.0184 to 0.0264 with increment 0.001, and the specified data for e 1maxf 0 from 0.100 to 0.164 with increment 0.008 (the elongation for the strength of GH4169 under monotonic uniaxial tension is 0.13-0.2; Wu et al., 2008, page 381) . In both figures, the intersections of these lines with the curves of the mean first principal strain vs. the cycle number and the maximum first principal strain vs the cycle number, respectively, can be determined. Therefore, values of the fatigue cycle number for a specific strain amplitude can be predicted in dependence on the assumed limit values of mean e 1f 0 and maximum e 1maxf 0 . These data are listed in Tables 5 and 6 , respectively.
Furthermore, families of curves for fatigue life for various limit values based on analysis of the average and maximum first principal micro strain are plotted as in Figs. 23 and 24, based on Tables 5 and 6 as done above for longitudinal strain (cf. Fig. 16 ). Introducing the experimental fatigue life data (Wu et al., 2008, page 511) for the strain amplitudes: 0.45%, 0.6%, 0.8%, 0.9, 1.0% and 1.3% into Figs. 23 and 24, one can observe that the predicted fatigue life curves for the mean e 1f 0 or maximum e 1maxf 0 are reasonable and close to the prediction as presented in Fig. 16 above by using Eq. (13). Taking the predicted data of fatigue lives for e 1f 0 equal to 0.0284 (maximum), 0.0224 (median) and 0.0184 (minimum), respectively, in Fig. 23 , and for e 1maxf 0 equal to 0.164 (maximum), 0.132 (median) and 0.100 (minimum), respectively, in Fig. 24 , the comparisons with experimental fatigue lives can be rendered in Figs. 25 and 26. The model predictions based on the average, e 1 , and maximum, e 1max , of the first principal strain are almost within the factor-of-two lines. Thus, it is clear that both predictions are very similar to those based onê ll . The parameters e 1 and e 1max representing the level of the principal stretch reached at the grain scale can also be regarded as proper indicators for fatigue crack initiation occurring in the material under uniaxial fatigue loading. Therefore, the parametersê ll , e 1 and e 1max describe the same fact, and from the present analyses compared with experimental data they can be regarded as the parameters to judge fatigue failure for a material under uniaxial fatigue loading.
If the constitutive behavior and the microstructure of the material are known, fatigue life curves can be evaluated prior to the fatigue experiments in dependence of one critical parameter, which can be determined by an LCF test at only one strain amplitude. Therefore, the criterion for fatigue failure described by Eq. (13) can be recast as DEt, at the tension peak with cycling. Table 5 comparing with experimental fatigue lives data (Wu et al., 2008, page 511) . Fig. 24 . The fatigue life curves of cycle number versus strain amplitude for various limit values of the maximum first principal strain according to Table 6 comparing with experimental fatigue lives data (Wu et al., 2008, page 511) . Fig. 27 . The numbering of curves is the same as in Fig. 15 . Comparing the two figures reveals that the attained values of p around the points of failure depend quite significantly on the amplitude of applied strain, which makes p unqualified for an LCF failure criterion. The same obviously holds for the plastic work.
Determination of the critical value for fatigue failure
The parameters of fatigue initiationê fatigue ; e 1fatigue and e 1maxfatigue can be determined by the corresponding families of curves introduced above in combination with error analysis. The difference between experimental and predicted lives can be described assigned to some error value,
where, N f_exp and N f_sim denote the fatigue lives by experiment and numerical simulations, respectively; i is the index with respect to the corresponding strain amplitude. Using these definitions, the errors for the predictions of fatigue life by applying the fatigue initiation parameterŝ e fatigue ; e 1fatigue and e 1maxfatigue are listed in Table 7, Table 8 and Table 9 , respectively. From this tables one can chose the best parameters by which the error is the lowest. Difference between the definitions of Error 1 and Error 2 may result in a different parameter choice (see Tables 7-9 , where the bold figures are the minimum values evaluated by respective error functions). For example, if e 1fatigue is applied, its critical value is 0.0204 or 0.224 depending on that the error evaluation using Error 1 or Error 2 is adopted. According to the error analysis of this section, one can realize that the three fatigue criteria reflect the same or very similar fatigue law, namely that the fatigue crack initiation may be regarded as mainly dependent on the local strain, representing byê ll , e 1f or e 1max reaching a critical value. Currently we cannot conclude which criterion is the best; it needs to be investigated further.
According to the results exhibited in this section and last section, it is found the family of curves obtained by the present methodology shown in Figs. 16, 23 and 24 Fig. 26 . The comparison of the predicted data calculated by various limit value of the maximum first principal strain, respectively, 0.164 (maximum), 0.132 (median) and 0.100 (minimum), with experimental fatigue data. Fig. 27 . The evolution and variation of the effective plastic strain, p, with number of cycles for different strain amplitudes at the tension peak. The curve numbers are identical to those in Fig. 15 . can describe the law of fatigue life of the material well, and the errors (Error 2 ) for lives prediction shown in Tables 7-9 demonstrate that no matter what strain amplitude is referred the proper predicting curve always can be obtained. This implies that the appropriate critical values for above three criteria can be determined by the cyclic experiments with only one strain amplitude.
Discussions
In the present paper, only the low-cycle fatigue life of a polycrystalline metal under the condition of uniaxial tensile-compressive cycle loading is investigated without consideration of the complicated loading path, multiaxial stress state. Compared with the fatigue life of materials loaded by uniaxial tensile-compressive cycles, the fatigue life of a metallic material tested by multiaxial and non-proportional loading is substantially different. Although the strain level at the loading peak is the same, the difference in fatigue life may reach about ten times for specimens tested under different loading paths. In the future, the LCF life of materials subjected to proportional or non-proportional multiaxial loading needs more attention. A failure criterion based on the proposed methodology, taking into account further effects of the macroscopic stress state and the loading paths, is deemed promising. For example, the maximum shear strain should be considered to measure the deformation at the grain level, and the influence of stress state on material failure mode also should be considered. Respective investigations involving cyclic shearing and multiaxial loading have being performed and they will be reported in a forthcoming paper.
The boundary conditions which have been used in the present paper consume about 50% less computational time compared with periodic boundary conditions (Michel et al., 1999) . The resulting differences are small, however, as Fig. 28 shows with respect to the variation of the standard deviation,ê ll , for strain amplitudes of 0.045%, 0.8% and 1.3%. More details about the difference between two kind of boundary conditions are omitted here because of page limitations.
Time consumption by the cyclic simulations is an issue for the present methodology. Hence, some cycle jumping technique should be considered in future investigations.
Conclusions
According to the investigation of this paper, the following conclusions can be obtained:
(1) In a polycrystalline metal under global uniaxial tensile-compressive cyclic loading, the deflection of the local first principal direction to the longitudinal loading direction changes and its average increases with cycle number. As a result, the statistical standard deviation of local longitudinal strainê ll and the maximum e 1max and statistical average of local first principal strain e 1 increase monotonically and similarly with increasing cycle number. (2) According to the analysis of microscopic strain distributions in the RVE, it is confirmed thatê ll ; e 1 max and e 1 at the tension peak of cyclic loading can be considered as reaching respective limit values when fatigue failure initiation of the material occurs, which are independent of the amplitude of applied strain and can be regarded as material constants to predict failure by low-cycle fatigue. Fig. 28 . The comparison of variation of the standard deviation (SD)ê ll of the RVE under the strain amplitudes 0.045%, 0.8% and 1.3% at the tension peak with cycle number, from which one can see that the curves for two boundary conditions are similar.
(3) Using the presented methodology, the curves of fatigue lives for a metallic material under specified cycle strain amplitudes can be predicted in dependence on one parameter values prior to the fatigue experiment, provided that the constitutive behavior and the microstructure of the material are known. The appropriate critical values can be determined by the cyclic experiments with only one strain amplitude.
